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In this note we give an example of a strictly convex, reflexive, smooth Banach
space which has a Chebyshev subspace M, such that the projection onto M is linear
and has norm equal to 2. Moreover, we give necessary and sufficient conditions on
a space so that every projection has norm less than a constant which is less
than 2. © 1995 Academic Press, Inc.

1. INTRODUCTION AND MAIN RESULTS

Let X be a normed linear space and M a subspace of X. We define
Py(x):={yeM:|x—y|=dx, M)} and [P, :=sup{llyl:yePy(x),
x| <1}. We trivially have ||P,,|| <2 and it is well known that X is a pre-
Hilbert space iff ||P,, || <1 for every subspace M of X. In this paper, we
give necessary and sufficient conditions for the existence of a constant A <2
such that || P, || <4 for every subspace M.

In (2] Deutsch and Lambert gave an example of a Chebyshev subspace
M of C[0, 1] such that P,, is linear and (| P,,|| = 2. In Section 2 we obtain
a projection with the same properties. However, the space is a strictly
convex, reflexive, smooth Banach space.

A uniformly non-square space (UNS) is a Banach space X such that there
exists a constant a, 0 <a <1, satisfying {{x —y{ <2x or {|x+y| <2« for
every x, y € U(x) (where U(X) is the unit ball). A locally uniformly rotund
space (LUR) is a Banach space X such that if x, x,eU(X) and
lx+x,|| — 2, then ||x —x,}| —0.
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In [4] James proved that every UNS space is reflexive. The converse
is false (see the example in Section 2). If X is LUR then every Chebyshev
subspace M of X is an approximatively compact set. For other properties
of this space, see [ 1] and [4].

As usual, for 1 < p < oo we let /,(2) denote the linear space R? with the
! -norm.

TueoreM 1.1. X is a UNS space iff there exists a constant i <2 such
that | P, || < 4 for any subspace M of X.

Proof. Assume X is a UNS space, xeU(X) and yePy,(x). As
x—yelU(X) we have ||x—(x—y)|<2x or |x+(x—y)| <2a Thus
[y <2a or | y|| Sa+1, and therefore [P, | <a+1<2.

Now suppose that X is not a UNS space. Then there exist x,,, y, € U(X)
such that fx, Ty, = 2. Let ¢,, i =1, 2, be the canonical vectors of R, and
f, the linear functional of /,(2) into X defined by f,(e,)=x, and
f.(e;)=y,. Using the inequality |u+v|| -1 <[t + (1 —1¢) vl, u, ve U(X),
0<1<1, we obtain

Ioe, My min{ Jlx, F v, (1 =1} <A < G ») - (1)

Hence |(x,¥)|,:=]/f,(x,y)| defines a norm on R* and |(x,y)],—
li(x, ¥ ,- If r, is a sequence of real positive numbers with r, 12, as a conse-
quence of [2, Proposition 4.2] we get a sequence M, of Chebyshev
subspaces of /,(2) such that |P, || =r,. Since f, preserves the norm, it
follows from (1), the convergence of the norms |-|, to the norm |-]/,, and
Kripkes algorithm [3, p. 118] that there exists a sequence K, of one
dimensional subspaces of X with |Py {|>n/(n+1)r,, which is a contra-
diction. ||

The following theorem gives sufficient conditions on M so that
| Pagll < 2. It generalizes [2, Lemma 4.3].

THEOREM 1.2. Let M be an approximatively compact Chebyshev sub-
space of a normed linear space X with codim M < oc. Then | P, | <2.

Proof. Since M is an approximatively compact Chebyshev subspace,
P, is a continuous function and codim M <o implies that P,,'(0) is
boundedly compact, see [3, p. 168 ]. Suppose that there exist x,,, |[x, | =1,
with | P, (x,)]| — 2. Since x,— P, (x,)e P, (0)nU(X) we get a sub-
sequence n, such that x,,k—P(x,,k)—>xeP;,'(O). Clearly ||x{ =1, hence
d(x, M)=1. On the other hand 1< |lx+ Py (x, ) <lx+Pylx,)—
X, M+ |x, | = 1. Therefore (— P, (x, )} is a minimizing sequence of x.
Since the subspace M is approximatively compact there exists a subsequence
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of (—P,,(x,,)) which converges to P,,(x)=0, but we have supposed that
Prx, Il —=2ask—-oc. [

Remark. The condition codim M <oc cannot be removed in the
theorem as we shall show in Section 2.

2. AN EXAMPLE

In this section we present an example of a reflexive, strictly convex,
smooth Banach space with a Chebyshev subspace whose metric projection
is linear with norm equal to 2. We need to prove the following lemma.

Lemma 2.1, Letp, l <p<ao, q=p/(p—1), and H the hyperplane in R*
given by {(x, y): ax + fy =0}, where {(a, f)|,= 1. Then

1Pl = [l B, Nl =1 18177 -

Proof. We use the following standard fact. If f is a linear functional
with || f1 =1 then M :=Ker f is Chebyshev iff there exists a unique e with
fley=|elj=1 and the metric projection onto M is P, (x)=x—f(x)e. In
our case, we have

WP (2, )11, = (o, ) — (x4 By Y(sgn(a) |a|? ", sgn(B) 181771,
= [[(o, B}, Isgn(B) 1817~ x —sgn(a) Jo|*~ " ]
< o B Il =4 181D, 1 v,

and the equality is obtained for x = sgn(f) Ble-"" and y =
—sgn(a) ja|" "
We now consider a sequence of Banach spaces (S,, |-]l,) and a real

number p, 1 < p<oc. We denote by P,(S,) the set of all sequences (x,,)

such that x,eS, and [(x,) :=(X7, Ix,17)” <oo. In [1, p. 35] it is
proved that (P,(S,),|-)|) is a Banach space and it is strictly convex
(reflexive) iff, for each n, S, is strictly convex (reflexive). Moreover, if every
S, is reflexive the dual space (P,(S,))* is isometric with P, (SY), where ¢

is the conjugate of p.

THEOREM 2.2. Let p, be a sequence of real numbers with 1 < p, < oc. If
pn— %G or p,— 1 then there is a Chebyshev subspace S of P,(l, (2}), such
that Pg is linear and || P} =2.

Proof. Let (S, |-],,) be a sequence of subspace of R?and S := P(S,)
It is easy to show that Pg((x,))= (P (x,)), where P is the linear metric
projection of B* onto S,,; hence S is a Chebyshev subspace and P is linear.
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Let xe R* and (x,)€ P,(/,,(2)) be such that x, = x and x,=0 for n#k.
Then |Ps((x, )l = [[Ps (x),,, thus [Pl > || P, || for all n.

Assume that p,—»oc. Let 0<d<l, R=1+4+4% a=R ' and
B=0R"4 then (o, M, =1 and |(x, B, ICfl? =, 181 DI, =
R=Y1+67)7 (1 +679-1)/% The last expression tends to 2/(1+J) as
p — oc. Putting J, instead of  in the last expression, with J, | 0, it follows
from Lemma 2.1 that there exists a subsequence n, and numbers «,,
Bi such that |Pg |, >[2/(14+6,)]—1/k, where S, = {(x,y)raux+
Bry=0}. Finally, we define S={(x,)eP,(l,(2)):x,€S, and x;=0,
otherwise}. As || Ps|l > ||Ps, |, we obtain that |Pg| =2.

The case p,, — 1 follows analogously, setting 6,71. [

Remark. (1) As |/, (2} is strictly convex, reflexive space for each n, we
have that P,(/, (2)) is a strictly convex, reflexive space. Moreover, since
(P,(L,(2)))*=P,(, (2)), where q, is the conjugate of p, and P,(/,(2)) is
strictly convex, it follows that P,(/, (2)) is a smooth space [3, p. 106].

(2) As P,({,) is a LUR space [5, Theorem 12] and § is a
Chebyshev subspace, S is an approximatively compact set. Thus the
condition codim M < oo cannot be removed in Theorem 1.2.
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